In this paper, approximate controllability of fractional order retarded semilinear systems is studied when the nonlinear term satisfies the newly formulated bounded integral contractor-type conditions. We have shown the existence and uniqueness of the mild solution for the fractional order retarded semilinear systems using an iterative procedure approach. Finally, we obtain the approximate controllability results of the system under simple condition.
Introduction
Let X and U be Hilbert spaces with the corresponding function spaces Fractional differential equations are the generalization of ordinary differential equations of arbitrary non integer orders. The fractional calculus is widely popular in the field of engineering and sciences, Shantanu [1] . Debnath [2] studied the recent applications of fractional calculus to dynamical systems in control theory, electrical circuits with fractance, generalized voltage divider, viscoelasticity etc. Many papers have appeared on the controllability concepts for fractional order differential systems. For instance, Wang and Zhou [3] studied complete controllability of fractional evolution systems. In that paper fractional calculus method and fixed point theorem are used. The semigroup operator is assumed to be noncompact. Similarly controllability of fractional order impulsive neutral functional infinite delay integrodifferential systems in Banach space is studied by Tai and Wang [4] . Sakthivel et al. [5] discussed the controllability of a class of control systems governed by the semilinear fractional equations in Hilbert spaces using fixed point techniques. Kumar and Sukavanam [6] studied approximate controllability of fractional order semilinear systems with bounded delay. In that paper contraction principle and Schauder fixed point theorem are used. Zhou and Jiao [7] and El-Borai [8] studied the existence of mild solutions for fractional neutral evolution systems.
The notion of integral contractor was first introduced by Altman [9] and later on it was used by many authors to study the existence and uniqueness of solution of nonlinear evolution systems. In [10] George et al. studied the existence and uniqueness of the solution and the controllability of the nonlinear third order dispersion equa-tion without delay using the bounded integral contractor.
In this paper the approximate controllability of a fractional order retarded semilinear system is studied. We consider the system with the nonlinear term satisfying a bounded regular integral contractor-type condition. Under this condition we show first the existence and uniqueness of the mild solution of the system. Then using some simple condition we obtain the approximate controllability results.
Preliminaries and Basic Assumptions
Some notions of fractional order differential equations are given as follows.
Definition 2.1:
1) The fractional integral of order  for a function f is defined as
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 is a probability density functio defined on
. Then the following Lemma stated as follows. Lemma 2.1: [7] S q (t) and T q (t) are bounded linear operators and
Definition 2.2:
The system (1.1) is said to be approximately controllable over a time interval [0,], if for any given 1 x X  and a constant  > 0, there exists a control u such that the corresponding mild solution x(t) of (1.1) satisfies 
introduced a bounded integral contractor in the following definition. Definition 2.3: [9] A function f is said to have a bounded integral contractor
is a bounded operator and there exists a positive number  such that for any w, y  C
t C t f t w t y t s w s y s s f t w t t w t y t y
Definition 2.4: [9] A bounded integral contractor  is said to be regular if the integral equation
has a solution y in C for every w, z  C.
We define a bounded integral contractor operator q  for the fractional order system without delay in a similar fashion as:
bounded operator and there exists a positive number  such that for any w, y  Z we have
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Then we say that f has a bounded integral contractor with respect to the operator T q (t). 
. Now we define a new bounded integral contractor-type operator so as to make compatible with retarded system as follows. , 
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Main Result
Define the solution mapping W: Y  Z by Wu = x where x(t) is the unique mild solution of (1.1) corresponding to the control u(t).
Lemma 3.1: The solution mapping W is compact. The procedure of the proof is quite similar to Lemma 1 in [11] . Theorem 3.1: Under the assumptions (1) and (2) 
S t t s T t s Bu s s t x t t t x t t s T t s f s x s h s x t t y t t h
                                0 h (3.1)                                             1 1 0 1 1 0 0 0 1 1 0 0 0 , d , d , d , d ,
t t s T t s s x y s y t x t t s T t s s x y s x t t s T t s f s x s x t t s T t s f s x s t s T t s s x y s x t
                                         (3.2)                                     1 1 1 0 1 0 1 0 0 1 0 1 0 , d , d , ,
s T t s f s x s x t t s T t s f s x s s x y t x t t s T t s f s x s x t
For every t  [0,] and x  C we can define x t  C h such that    , 
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Then from (3.3) we get 
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Applying the definition (2.7) with y t : -y sn and w t : x sn we obtain the following inequality. 
Now we show the convergence of the sequence x n (t) to the mild solution of the system (1.1). From (3.2) we have 
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Consider the sequence of {x n (t)} in X. For a positive integers m and n, assume m < n. Then from the above procedures we have
Clearly the right hand side is the tail of a convergent series for sufficiently large m and n since   
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is a mild solution of the system (1.1). Now let us show the uniqueness of a mild solution. Let x 1 (t) and x 2 (t) be the two mild solutions of (1.1) with control u. By the regularity of the integral contractor type Subtracting (3.8) from (3.7) and taking norm on both sides we get
